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Abstract. A set of classical quantities that obey the Poisson brackets corresponding to Lie
commutation relations of the quantum group SU, {2} are obtained in classical mechanics.
They are constructed in terms of a function Q(/?) and conventional angular momenta
which satisfy the classical correspondence of the Lie commutation relation of the Lie
algebra su(2). These quantities are called the g-analogue angular momenta, and their
conservation law is mentioned. We give an example of Q(/?) that causes the classical
g-analogue angular momenta to reduce to the conventional angular momenta while the
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The quantum group SU,(2) (also denoted as U,(SU(2)})) plays an important role in
statistical mechanics [1] and quantum integrable systems [2]. The quantum groups
themselves are remarkable mathematical structures that emerged as algebraic abstrac-
tions from the inverse scattering problem [3] and conformal field theory [4], In the
last few years, interest in quantum groups and their applications in physics has grown
substantially. A crucial aspect is the realization of quantum groups in physics models.
Biedenharn, Macfarlane, Kulish, Damashinsky, Chaichian, Lukierski, Curtright,
Zachos and Fairlie [ 5] have studied the g-boson realization and the so-called ‘deforming
functional’ of SU,(2). Chen, Chang and Guo [6] gave the classical realization of
SU,(2) via classical harmonic oscillators. It is of significance to research the structure
of quantum groups in physics theory and to discuss the physical models that contain
quantum groups.

In this paper we study SU,(2) from the point of view of classical mechanics. It is
well known that the angular momenta in usual Newtonian mechanics obey the Poisson
bracket relations that can be looked upon as the classical correspondence of the Lie
bracket commutator relation of the Lie algebra su(2). Following this, when the SU_(2)
commutator relations are given, one may find a set of Poisson brackets of physical
quantities in three-dimensional Newtonian mechanics which is just the correspondence
of the Lie bracket relation of SU,(2). We call these physical quantities the classical
g-analogue angular momenta. In our discussion, the concrete physical model is not
dealt with and the conclusion is universal. We also deal with the corresponding classical
conversation law of the g-analogue angular momenta.

We start from the quantum group SU,(2) that is generated algebraically by the
quantities J,, J_ and J, obeying the commutaiion reiation

[J., J.)==]. (1)
sinh vJ,
== 2
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where we note

y=Ing (3)
and q is a real number. As in the angular representation, we define
Jx=%(J++J—) (4)
1
Jo==(J.=J). (5
£1
The commutator relations (1) and (2} can also be written as
L), L) =iJ; (6)
(£, L]1=—iJ (7)
i sinh yJ,
S L]=7— .
(s Jy] 2 sinh 3y (8)

Let us consider the mechanics of a particle moving in three-dimensional space. Its
Hamiltonian can be expressed as

H=H(x,y,zp., py, p.) (9

whare ¥ v and 7 snardinatee af tha narticle in thraas_Aimancinnal cranra n n anAd n
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are the corresponding momenta of the coordinates, and ¢ labels the common time. We
know that an arbitrary physical quantity s obeys the Jacobi equation [7]

ds as
—==+{s,H
TREY {s, H} (10)

in which the Poisson bracket is defined as

U8 =oxan. "oy ap, tazap. “apiax apay apmoz (an

S=1%5,2,px, Py, P:, 1) g8=8(X, %, 2, px, Pys Pu» ).
In Newtonian mechanics, the angular momenta are specified in the following form:
be=yp.—zp, l, = 2p, —xp, I = xp, — yps. (12)
They satisfy
{L.L}=1 {L, L}=-1L {l, L}=1. (13)

According to the principles of quantum mechanics [8], the correspondence between
classical and quantum theory is given by

(/. g} ><[F, G) (14)

where F and G are the operators in quantum mechanics corresponding to f and g,
and the Planck constant is chosen as # = 1. From (13) and (14) one has the commutation
relations of the angular momentum operators L., L, and L, in quantum mechanics,

[Lz; Lx]ziLy [Ly! Lz]=iLx [Lxs Ly}=iLz
or
[Lz’ Li]=iLt [L+’ L*—]=2Lz (15)
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where
L.,=L.*iL,.
These commutation relations just determine the ordinary Lie algebra su(2). If we make

use of (6)-(8) and (14), the classical correspondence of the commutation relations of
the quantum group SU,(2) can be deduced in the form

{Jor Jxt =1y (16)
{jzijy}=_jx (17)
o _lsinh‘yj,

{st.]y _ZSinh%y (18)

in which j_ 7 and l are the classical corresnondine auantitieg of the generators in
m which g, 7, cl eneralors m
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SU,(2). We call j,, j, and j, the classical g-analogue angular momenta.

The purpose of our paper is to construct these classical g-analogue angular momenta
Jx» j, and j, in terms of the kinetic parameters of a particle moving in the usual
three-dimensional space. Comparing the Poisson bracket relations (16)-{18) with (13},
we see that (16) and (17) are exactly the same as the former two equations of (13).
Therefore, we can be assured that

J=1. (19)
Using (11), (12}, {16), (17} and (19) we obtain

yapx “ap, Yox ¥ gy Iy (20)
ai , .
Yy 8y i’z_x%;__jx‘ (21)

pyapx ap,, ax = ay

Let @ be a function of (x, y, z, p., p,, p.), which satisfies the vanishing Poisson bracket
relation

{L,®}=0 (22)
then it is easy to prove that when /., and /, satisfy (13),
J= L Jy=4® (23)

also satisfy the Poisson bracket relations (20) and (21). In the following we will discuss
what expressions of function ¢ makes j, and j, defined by (23) precisely satisfy the
classical g-analogue Poisson bracket relation (18).

Using the well known relation

{L,i+E}=0

and from (22) we know that function & should be chosen as a function of , and B+ 3
only, i.e.

D= (D(X, Y) (24)
where

X=1 Y=0+E. (25)
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Substituting (23) into (18), we have the partial differential equation

ad ad 1sinh vX
Y{2X0—-0— |+ X' = ———.
( aY aX) 2 sinh 3y (26)
Let us introduce
Z=%% (27
Eguation (25) then becomes
23X Y 2 sinh 3y
The general solution of (27) can be expressed as follows [9]:
1 1 cosh vX
Z=:(@W**W—?j:%;) (29)
¥y ¥ slIlll j‘y J

where Q is an arbitrary differentiable function of argument { Y + X?). From (12) and
(25) we have

P=Y+X*=L+E+1. (30)
Using (19), (23), (27), (29} and (30), the classical g-analogue angular momenta read
1 cosh yL\'"?
;SMh%y)
1 cosh yl,)”2 (31)
v sinh iy

jx=lx(ti+ti)“"2(o(fz)~

=L+ 1,2»)_”2(0(12) -

Jz=1.

It is easily verified that j,, j, and j, obey (16)-(18) identically. From (31) we see that
there is an arbitrary differentiable function Q(F?) in this expression. Choosing different
Q(1), one can define formulae of the classical g-analogue angular momenta. In an
inverse procedure, when one quantizes the classical system with j,, j, and j, defined
by (31) and the Poisson bracket relations (16)-{18), the quantum g-analogue angular
momenta with the Lie bracket relations obtained from (15}, i.e. (6)-(8), realize the
quantum group SU_(2).

Let us now deal with a simple case. Since SU,(2) contracts to the Lie algebra su(2)
in the limit g > 1 (i.e. ¥ > 0), the classical g-analogue angular momenta should become
the conventional angular momenta. This condition can be expressed as

Li_{r(l) d=1. (32)
Using (32), it is easy to see that the function Q(I*) can be chosen as

o) = S (33)
and the classical g-analogue angular momenta should take the following form:

) I, {cosh yl—cosh vI\'/?

== m( ¥ sinh 3y (34)

L (cosh ¥l — cosh 'ylz) 172 j=1

N

¥y sinh 3y
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This is just the classical limit (h - 0 with fixed y) of the quantum expressions for the
SU,(2) generators given by Babujian and Tsevelik [10].

Also of interest is in what system the classical g-analogue angular momenta are
conserved. For these g-analogue angular momenta j this knowledge is necessary. First,
although j has been expressed as a function of I, and thus we know that j will be
conserved whenever I is conserved, we do not know whether there is another case
where j will be conserved when ! is not conserved. Secondly, we also want to know
in what condition each component of { is conserved. Since these g-analogue angular
momenta are independent of time 1, from the Jacobi equation (10) we deduce that in
the case of

{ixs HY=1{}, H}={j., H}=0 (35)

they are conserved.
Generally speaking, the Hamiltonian of a particle moving in three-dimensional
space can be written as follows:

1
=—p’+V(x, y,z)
m

where m stands for the mass of the particle and V(x, y, z) is an arbitrary potential
function. In this case (35) become

BV av
zx(t§+t§){zo'[1x(y5;—za—) + ly(zﬂ—xﬂ) +z,(xﬂ—yﬂ/)}

oy ax oz oy 9x
sinh ¥,/ a4V 3V 1 cosh ¥l,
AR e
sinh 3y \" ax dy vy cosh 3y
aV aV 2% 3V
x F( —- --)+lxz (z——- —)]=0
[y zay Yz Neax  Vaz (36)

av a9V gV v vV a8V
(el ) )]
y(x 12 Yoz zay "\ ox xaz zxay Yox

inh yl,f oV v 2
L sinh v ( ____xa_)}__z(om_l_coshyl)

sinh 3y Y ox ay v sinh 3y
Jf av av) (aV aV)]
——x— |+l z——y— ] |=

x[l,(zax xaz L Zay yaz 0 (37)
av  av
y———x—=9 (38)
ax ay
where

,_ 4o

Q—d(lz)

From the above formulae we see that the conservation conditions of the classical
g-analogue angular momenta are not all the same as those of the conventional angular
momenta. This highlights the difference between conventional g-analogue and angular
momenta. Of course, this difference also means that there is disparity between the
quantum group SU,(2} and the Lie algebra su(2).
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However, if the potential function V(x, y, z) is a central symmetry field, the classical
q analogue angular momenta (31) are conserved naturally. Except for this case, only
the potential function V(x,y, z) cannot determine whether j is conserved. We note
that for a given potential function V(x, v, z) the properties of function Q(/?) and I
play an important role in showing whether the classical g-analogue angular momenta
Jx» jy and j, are conserved.

In this paper we have found three classical mechanics quantities js, j, and j, that
satisfy the Poisson bracket relations corresponding to the Lie bracket relations of the
quantum group SU,(2). These classical mechanics quantities are given by (31), and
are called classical g-analogue angular momenta, and are determined by the differenti-
able function Q(/*) and the conventional three-dimensional angular momenta /,, I,
and I,. As an example, we determined a fixed Q(/*) that made the classical g-analogue
angular momenta (34) reduce to the conventional angular momenta while the quantum

Aafn nts ata —=1In a2 vanichad Wa alecn onva tha saancarvatinn sanAifi nf
UUI.U.I luauun l}alalll\/l\dl r - 111 (1 YOLLIIDLIW . TY L LW Eﬂ\'\d LIS WASLIQWL YRRIWIAR UUIIUI‘;IU]] UL

the above-mentioned classical g-analogue angular momenta, which is expressed as
{36)-(38). Generally speaking, whether j is conserved is determined not only by the
potential function but also by Q(/?) and the angular momenta L

When one quantizes the g-analogue angular momenta, the realization of the quan-
tum group SU,(2} will be obtained in quantum mechanics. This is an interesting topic
that will be discussed elsewhere.

References

[1] Baxter R 1982 Exactly Solved Models in Statistical Mechanics (London: Academic)
Kulish P P and Reshetikhin N Y 1983 J. Sov. Math. 23 2435

[2] Kulish P P 1982 [ Souv. Math. 19 1596
de Vega H J and Maillet J M 1984 Nucl Phys. B 240 377
Jimbo M 1985 Lett. Marth. Phys. 10 63; 1986 Commun. Math. Phys. 102 537

[3] Faddeev L 1984 Integrable Modelsin (1 + 1}-Dimensional Quantum Field Theory ( Les Houches XXXXIX)

ed J-B Zuber and R Stora (Amsterdam: Elsevier)

[4] Alvarez-Gaume L, Gomez C and Sierra G 1989 Phys. Lett. 2208 142

[5] Biedenharn L C 1989 J. Phys. A: Math. Gen. 22 1873
Macfarlane A J 1989 J. Phys. A: Math. Gen. 22 4581
Kulish P P and Damashinsky E 1990 Phys. Lert. 23A L41S
Chaichian M and Kulish P P 1990 Phys. Lert. 234B 72
Chaichian M, Kulish P P and Lukierski J 1990 Phys. Let. 237B 401
Curtright T and Zachos C 1990 Phys. Leit. 2438 237
Fairlie D 1990 J. Phys. A: Math. Gen. 23 L183

[6] Chen W, Chang Z and Guo H-Y 1991 Acta Phys. Sin. 40 337

[7] Landau L D and Lifshitz E M 1976 Course of Theoretical Physics vol 1 (London: Pergamon)

[8] Schift L I 1968 Quanium Mechanics 3rd ed (New York: McGraw-Hill)

[9] Copson E T 1975 Partial Differential Equations (London: Cambridge University Press)

[10] Babujian H M and Tsevelik A M 1986 Nucl. Phys. B 265 24



